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Abstract—This paper derives a small-signal model of a three-
phase synchronous reference frame phase-locked loop for use in
system frequency response studies assuming a system of balanced
three-phase voltages. The small-signal model is described by
a second-order transfer function which relates the actual to
the estimated grid frequency. The small-signal model behaves
identically to the large-signal model for small disturbances.
Simulation results demonstrate that phase-locked loop dynamics
can be neglected in the high-inertia scenarios, while in the low-
inertia scenarios they have a significant impact on the grid
frequency and should be included in models.

Index Terms—grid-following converters, low-inertia power sys-
tem, phase-locked loop, PLL, small-signal model, synchronous
reference frame, system frequency response

I. INTRODUCTION AND MOTIVATION

There is a clear trend of massive penetration of power
electronic devices in the power systems worldwide, which
magnifies the previously negligible dynamic behaviour and
dynamic interactions [1], [2]. In turn, this introduces new
challenges to the power system operation [3]. Integration of
converter-interfaced devices results in reduced synchronous in-
ertia which influences the grid frequency dynamics. Moreover,
the timescale of power electronics control is faster than the
electromechanical dynamics and closer to the electromagnetic
phenomena domain [4]—thus, in a system dominated by
power electronic devices the dominant time constants are
smaller. Majority of converter-interfaced devices today (e.g.
wind, solar PV, battery energy storage) are of the grid-
following type, meaning that they require a stiff grid as a
reference of voltage and frequency. Synchronisation of grid-
following converters to the grid voltage is usually achieved
via phase-locked loops (PLLs) [5], [6] that introduce a certain
time lag to the overall control systems. Naturally, many grid-
following converters in a weak grid cannot operate in a stable
manner [7], therefore grid-forming control schemes that do
not require a PLL for synchronisation are currently a topic of
interest in bulk power systems research [8].

Bulk power systems of the future will consist of a mix of
grid-following and grid-forming converter-interfaced devices.
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System operators increasingly require converter-interfaced
generators to participate in ancillary services such as frequency
control through droop control and/or emulation of synchronous
inertia (called virtual or synthetic inertia) [6], [9], [10]. If grid-
following units support system frequency, the modulation of
output power is based on the grid frequency signal estimated
by a PLL. Thus, PLL dynamics may have an influence on the
overall frequency control performance [11], [12]. Furthermore,
recent research indicates that PLLs should be considered in
studies concerning grid frequency dynamics [13], [14].

A commonly used tool for studying grid frequency dynam-
ics are uniform low-order system frequency response (SFR)
models [9], [15], [16]. They model the grid as a single
machine with equivalent inertia and damping, and the relevant
active power control mechanisms (turbine-governors, under-
frequency load shedding, synthetic inertia, etc.). Only the
slowest time constants are considered, as those will mostly
define the frequency dynamics [15]. Grid topology (branches
and buses) is not considered in SFR models, therefore there
are no voltage dynamics. These models relatively accurately
simulate an average behaviour of the grid frequency after a
disturbance. In the literature so far, only perfect tracking of
the grid frequency for converter-interfaced devices has been
assumed, i.e. no PLL dynamics has been considered, [9], [16]–
[23]. However, PLL can have a significant influence on the
plant response.

Small-signal models of PLLs have been derived and used
for various purposes, mostly for analysis and shaping of the
input-admittance of voltage source converters [24]–[27]. In
these papers, the small-signal modelling was used to derive
grid-voltage-to-reference-current [26] and phase-angle-to-grid-
voltage PLL transfer functions [24], [25], [27]. Additionally,
the impact of grid frequency on phase angle change has been
derived in [28]. However, there is no voltage dynamics in SFR
models and the phase angle is not relevant for the aggregated
machine in SFR models. The transfer function of interest is the
one that relates the true grid frequency to the grid frequency
estimated by a PLL, which has been presented in [29], but
detailed derivation procedure was not provided and the transfer
function contains the voltage amplitude. Additionally, small-
signal PLL impact on grid frequency dynamics was also
not analysed in [29]. Therefore, the main contributions of
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Fig. 1: Analogy between synchronous generators and grid-
following VSCs

this paper are: (i) detailed derivation procedure of a three-
phase synchronous reference frame (SRF/dq) PLL frequency-
to-frequency transfer function which is the most interesting for
SFR studies; (ii) analysis of the PLL impact on grid frequency
using the developed model.

Rest of the paper is organised as follows: in Section II, the
methodology and assumptions are described. In Section III the
PLL transfer function is derived. In Section IV the small-signal
model is validated against a nonlinear model and the impact
of PLL on grid frequency in various scenarios is investigated.
Finally, Section V concludes the paper.

II. METHODOLOGY AND ASSUMPTIONS

An analogy can be drawn between the conventional syn-
chronous generators and the grid-following VSCs, as illus-
trated in Fig. 1. Voltage control / reactive power control is
omitted from this illustration. SG machine speed ω is estimated
by a speed transducer. Then, the estimated speed ω̃ is passed
on to a turbine governor which modifies the gate or valve
opening c (droop control). The turbine translates the gate/valve
opening into mechanical power output pm at the turbine shaft.

In VSCs, on the other hand, a PLL estimates the grid
frequency ω̃ from the measured voltage vabc at the point of
common coupling. If a VSC operates in the grid-supporting
mode, then ω̃ can be used to modify the active power com-
mand P ∗ (e.g. droop control or virtual inertia). However, the
main purpose of a PLL is to extract the phase angle of the
grid voltage θ̃ in order to synchronise with the grid. The VSC
block in Fig. 1 contains the inner voltage and current control
loops, as well as the PWM modulation for generating gate
signals for the inverter. Output of the VSC is the electrical
power pe.

Generally, most generic dynamic models of turbines include
the effect of the speed transducer and the governing system
[30]. However, (modern) governing systems are much faster
than turbine dynamics so their effect is often neglected in
SFR models. On the other hand, the time scale of a PLL is
also faster than the VSC active power control [4], so it can
be inferred that it could also be neglected in SFR studies.
However, depending on how PLL gains are tuned, the time
lag it induces can have an effect on estimated frequency and,
consequently, the performance of active power control [12]–
[14], [31]—especially in low-inertia systems.

Regardless, since a PLL estimates the frequency from the
measured instantaneous grid voltage, it is mostly susceptible

abc → dq Σ PI 1
s

0

vabc vq − ω̃ = dθ̃
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Fig. 2: Three-phase synchronous reference frame PLL

to electromagnetic disturbances such as voltage unbalances,
spikes and dips [31], [32]. This paper aims to derive a
transfer function of a three-phase SRF PLL which relates
the actual grid frequency to the estimated grid frequency
suitable for implementation in SFR models which inherently
do not capture the voltage dynamics. Such transfer function
essentially captures the time lag a PLL introduces into the
closed-loop control. The derivation will be based on three
assumptions: i) Three-phase voltages are balanced; ii) Voltage
amplitudes are constant and close to the nominal value; iii)
Only the simplest representation of a SRF PLL is used.

The first two assumptions are valid since SFR models do
not consider voltage dynamics—they only model effects of
global generation/load imbalance on system’s average fre-
quency through the swing equation (generator inertia and
load self-regulation) and control reactions (droop control,
synthetic inertia, underfrequency load shedding, etc.). The last
assumption is to simplify the analysis by using a textbook
example of a SRF PLL system. It means that additional filters
or more complex PLL structures used to improve rejection of
grid voltage harmonics, unbalances and other disturbances are
ignored (also, these phenomena are inherently not captured by
SFR models).

The three-phase SRF PLL structure used to derive the small-
signal model is shown in Fig. 2. The input is a three-phase
voltage measurement at the grid connection point vabc (1),
where θ = θ(t) is the grid voltage phase angle. PLL estimates
the phase angle θ̃ = θ̃(t) such that that the abc → dq
transformation zeroes out the q-component of voltage (vq).
Normalised (per-unit) component vq is passed through a
proportional-integral (PI) controller to obtain the estimate of
the grid angular frequency ω̃ which is then integrated by means
of a voltage-controlled oscillator to obtain θ̃. In steady-state,
ω = ω̃, θ = θ̃, and vq = 0.

vabc
⊤ =

[
va(θ(t)) vb(θ(t)) vc(θ(t))

]
(1)

III. SMALL-SIGNAL MODEL OF SRF PLL

Referring to the assumptions set in Section II, we consider
a three-phase system of AC voltages:

va= Va sin (θ(t)) (2a)

vb= Vb sin

(
θ(t)− 2π

3

)
(2b)

vc= Vc sin

(
θ(t)− 4π

3

)
(2c)



where Va, Vb and Vc are the peak values of phase-to-ground
voltages of each phase. θ(t) is the grid voltage phase angle
described by (3). θ0 is the initial phase angle and ω = ω(t) is
the grid angular frequency.

θ(t) =

∫
ω(τ)dτ + θ0 (3a)

dθ

dt
= ω (3b)

Transformation from abc to dq coordinates (neglecting the
0-component for balanced systems) is achieved through the
tensor Tdq [5]: [

vd
vq

]
=

2

3
Tdq

vavb
vc

 (4)

where Tdq = Tdq(θ̃(t)) is defined as:

Tdq=

sin(θ̃(t)) sin
(
θ̃(t)− 2π

3

)
sin

(
θ̃(t)− 4π

3

)
cos

(
θ̃(t)

)
cos

(
θ̃(t)− 2π

3

)
cos

(
θ̃(t)− 4π

3

) (5)

Obviously, the grid voltage angle extracted by the PLL is
equal to:

θ̃(t) =

∫
ω̃(τ)dτ + θ̃0 (6a)

dθ̃

dt
= ω̃ (6b)

After combining (2), (4) and (5), component vq is equal to:

vq(t)=


cos

(
θ̃(t)

)
cos

(
θ̃(t)− 2π

3

)
cos

(
θ̃(t)− 4π

3

)

⊤  Va sin(θ(t))

Vb sin
(
θ(t)− 2π

3

)
Vc sin

(
θ(t)− 4π

3

)
 (7)

Assuming a balanced three-phase system with constant
voltage amplitudes (Va = Vb = Vc = V ), expression (7)
reduces to:

vq(t) = V sin
(
θ(t)− θ̃(t)

)
(8)

Equation (8) can be normalised to the voltage amplitude V to
obtain the per-unit value of q-component vq from Fig. 2:

vq(t) 7→ vq(t) = sin
(
θ(t)− θ̃(t)

)
(9)

The goal now is to get rid of the voltage variable vq (since
there is no voltage in SFR models) and linearise the system to
derive the transfer function from ∆ω to ∆ω̃. To achieve this,
the nonlinear dynamical system of SRF PLL is described by
the following system of differential equations:

dθ

dt
= ω (10a)

dξ

dt
= sin

(
θ − θ̃

)
= vq (10b)

dθ̃

dt
= Kp sin

(
θ − θ̃

)
+Kiξ = ω̃ (10c)

where Kp and Ki are the proportional and integral gain of
the PI controller (Fig. 2) described by the transfer function
H(s) = Kp +Kis

−1.
∆vq is a multivariate function linearised as follows:

∆vq ≈ ∂vq
∂θ

∣∣∣∣
(θ0,θ̃0)

∆θ +
∂vq

∂θ̃

∣∣∣∣
(θ0,θ̃0)

∆θ̃ (11a)

= cos
(
θ0 − θ̃0

)
∆θ − cos

(
θ0 − θ̃0

)
∆θ̃ (11b)

= ∆θ −∆θ̃ (11c)

since θ0 = θ̃0 in the steady-state. Linearising eq. (10a) results
in (12), and ∆ω is set as the input (perturbation) variable
∆u(t):

d∆θ

dt
= ∆ω = ∆u(t) (12)

Linearising (10c) results in (13), and ∆ω̃ is set as the output
variable ∆y(t):

d∆θ̃

dt
= ∆ω̃ = ∆y(t) (13)

Finally, the state-space model can be written combining
(11)–(13):

∆ẋ = A∆x+B∆u (14a)
∆y = C∆x+D∆u (14b)

where ∆x, ∆u, ∆y, A, B, C and D are equal to:

∆x =
[
∆θ ∆ξ ∆θ̃

]⊤
(15a)

∆u = ∆u = ∆ω (15b)
∆y = ∆y = ∆ω̃ (15c)

A =

 0 0 0
1 0 −1
Kp Ki −Kp

 (15d)

B =
[
1 0 0

]⊤
(15e)

C =
[
Kp Ki −Kp

]
(15f)

D = 0 (15g)

The SRF PLL transfer function is now equal to (16), which
corresponds to the form from [29] neglecting the voltage
amplitude:

Gpll(s) =
∆y(s)

∆u(s)
=

∆ω̃

∆ω
=

∆f̃

∆f
(16)

= C [sI−A]
−1

B+D

=
Kps+Ki

s2 +Kps+Ki

Gpll(s) exhibits a generic second-order system dynamics
(17), where natural frequency ωn and damping factor ζ are
defined as (18) and (19), respectively. Ti is the integrator reset
time.

G(s) = 2ζωns+ ω2
n

s2 + 2ζωns+ ω2
n

(17)

ωn =
√
Ki =

√
Kp

Ti
(18)
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Fig. 3: Validation of the small-signal SRF PLL model

ζ =
Kp

2ωn
=

√
KpTi

4
(19)

Depending on how the gains are tuned, the PLL will have more
or less damped oscillatory behaviour. The input derivative
(2ζωns member in the numerator) mostly influences the high-
frequency behaviour by introducing the +90 degree phase-
shift and reducing the magnitude fall-off by 20 dB/decade.

IV. VALIDATION OF SMALL-SIGNAL MODEL AND GRID
IMPACT ANALYSIS

A. Validation via the step response test

The small-signal model of a three-phase SRF PLL (16)
is compared against the large-signal model from Fig. 2 for
a step change in frequency of ∆f = −0.2 Hz. The PLL
parameters are Kp = 10 and Ki = 100. Kp and Ki are tuned
based on trial-and-error until a satisfying performance was
achieved without being too aggressive, similar to [28]. Results
show (Fig. 3) that the small-signal model perfectly describes
the large-signal model thus confirming the correctness of the
small-signal model derivation procedure from Section III.

B. Impact of PLL on grid frequency

Consider a simple power system model shown in Fig. 4
consisting of a converter unit described by droop gain Kc

and time constant Tc, and a conventional synchronous turbine-
generator described by droop gain K1 and time constants
T1 and T2. Active power disturbance is denoted with δpd.
Simulations are conducted in MATLAB-Simulink.

We consider two scenarios: high-inertia and low-inertia. In
the high-inertia scenario, the parameters are set as follows:
H = 5 s, D = 1 p.u., T1 = 2.4 s, T2 = 8 s — simulating
a system of large synchronous generators with slow steam
turbine dynamics [30]. In the low-inertia scenario, H = 1
s, D = 1 p.u., T1 = 0 s, T2 = 0.3 s — simulating a system
with a low share of synchronous generators with faster turbine
dynamics, e.g. gas turbines [33]. In both scenarios, K1 =
Kc = 20 p.u. (equivalent to 5% droop), Tc = 0.01 s, and PLL
parameters are Kp = 10, Ki = 100. The disturbance value is
set to δpd = −0.1 p.u. at t = 0.5 s.

Results for both scenarios are shown in Fig. 5. It can be
seen that for the high-inertia scenario, the impact of PLL is
negligible since the grid frequency change is much slower
(Fig. 5, top). Therefore, PLL (∆f̃ ) can easily track the strong

VSC

SG

Pload

δpd

(a) Single-line diagram

1

2Hs +D
+

T1s + 1

T2s + 1
K1 +

1

Tcs + 1
KcGpll(s)

δpd∆f

∆psg

∆f̃ ∆pc

(b) SFR model

Fig. 4: Simple test system consisting of a grid-following
converter, synchronous generator and load disturbance
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Fig. 5: Impact of PLL dynamics on grid frequency

grid frequency (∆f ). In such case, no significant error will be
induced if Gpll(s) is neglected (dotted line in Fig. 5, top).

On the other hand, in the low-inertia scenario (Fig. 5,
bottom), the PLL impact is significantly more pronounced —
firstly, PLL has a much tougher time tracking the actual grid
frequency (∆f̃ compared to ∆f ) judging by the maximum
deviation and the phase-shift. Secondly, if the PLL is neglected
(dotted line in Fig. 5, bottom) the induced error is much
greater. The maximum frequency deviation is ≈ 50 mHz
smaller, the settling time is ≈ 1 s faster and there are no
oscillations in the frequency giving a much more optimistic
prediction. Thus, in the low-inertia scenario, the PLL dynamics
play a more significant role and should be included in the
SFR studies. Improved tracking can be achieved by increasing
Kp and Ki. However, unnecessarily high PLL bandwidth is
generally avoided due to a negative impact on the converter
passivity [34].



V. CONCLUSION

In this paper, a small-signal model of a three-phase PLL
in the synchronous reference frame for inclusion in low-order
system frequency response models was derived. The small-
signal model is developed assuming a balanced three-phase
system with constant voltage amplitude. In this case it exhibits
a second-order system dynamic behaviour whose parameters
only depend on the gains of the proportional-integral con-
troller. The derived small-signal model captures the time lag of
estimating the instantaneous grid frequency deviation used for
grid-supporting ancillary services. Results indicate that in the
case of a high-inertia system with slower control dynamics,
PLL can be neglected in system frequency response studies
since the grid frequency changes at a slow rate. In case of a
low-inertia system with faster control dynamics, PLL increases
oscillations, frequency nadir (by 50 mHz), and settling time
(by 1 s). Therefore, it should be included in the system
frequency response models of low-inertia systems.

Future work will involve small-signal modelling of other
types of phase-locked loops and synchronisation techniques as
well as a more detailed PLL impact analysis on higher-fidelity
power system models.
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